Abstract: This paper re-examines the joint distribution of equity and bond returns using high frequency data. In particular, we analyze the weekly realized stock bond correlation calculated from 5-minute returns of the futures prices of the S&P 500 and the 10-year Treasury Note. A potentially gradual transition in the realized correlation is accommodated by regime switching smooth transition regressions. The regimes are de…ned by the VIX/VXO volatility index and the model includes additional economic and …nancial explanatory variables. The empirical results show that the smooth transition model has a better …t than a linear model at forecasting in sample, whereas the linear model is more accurate for out-of-sample forecasting. It is also shown that it is important to account for di¤erences between positive and negative realized stock bond correlations.
Introduction
This paper investigates the nature of the realized stock bond correlation using high frequency (5-minute) returns. So far, little attention has been given to high frequency data in the stock bond correlation literature. We put forward a smooth transition regression (STR) for the correlation with two extreme regimes broadly corresponding to low volatility and high volatility states. This speci…cation is attractive as it allows for a continuum of states between the two extreme correlation regimes. We then analyze how well the model …ts stock bond comovements by characterizing how much of the correlation is ascribed to economic variables. Up to now, a number of methods have had a modest degree of success in modelling the correlation using economic data, e.g. Baele, Bekaert and Inghelbrecht (forthcoming). The STR model is new to the stock bond correlation literature and we show it provides a promising methodology to explore.
Understanding the nature of the stock bond correlation has crucial implications for asset allocation, risk management, and option pricing as these are the two main asset classes. In particular, it is important to know whether stock and bond returns are correlated and if so whether the correlation is positive or negative and whether the correlation is strong or weak. For the same reasons it is of interest to analyze the economic forces driving the time varying stock bond correlation.
Most studies on high frequency data have focused on realized volatility with only few recent papers analyzing the realized correlations between asset returns.
High frequency data are appealing in that they contain as much information as possible and, therefore, may provide a more accurate correlation measure compared to correlations from rolling windows based on historical data or those from multivariate GARCH models using data of lower frequencies. The studies by Audrino and Corsi (2008) and Christiansen and Ranaldo (2007) have recently used high frequency data in the analysis of the stock bond correlation. The …rst paper adopts a heterogeneous autoregressive model and shows that its outof-sample forecasts are more accurate than those of standard autoregressive models (AR or ARMA). On the other hand, Christiansen and Ranaldo (2007) look at how the stock bond correlation changes when (surprises to) scheduled macroeconomic news are announced.
Recent years have seen a growing literature exploring the economic determinants of the time varying stock bond correlations. For instance, Li (2002) shows that the unexpected in ‡ation is the most important determinant of the stock bond correlation and addresses the welfare e¤ects of correlation changes 3 for investors. Ilmanen (2003) argues that stock bond correlations calculated by rolling windows of historical data depend upon the business cycle of the macro economy as well as upon the in ‡ation rate. Pastor and Stambaugh (2003) …nd that changes in stock bond correlations are related to di¤erent levels of liquidity. By advocating the use of regime switching models, Guidolin and Timmermann (2006) argue for the role of the macro economy in determining correlation regimes. In a similar spirit, Bansal, Connolly and Stivers (forthcoming) use a Hamilton (1988) regime switching model and …nd regime shifts in the stock bond correlation. They argue that the state of the regime switching model may be linked to the VIX volatility index. Baur and Lucey (2009) The present paper contributes to the existing literature as follows. We test for the signi…cance of various economic determinants of the realized stock bond correlation. Unlike other studies in the literature, we augment the set of determinants with the realized stock and bond returns and their corresponding volatilities. We propose a STR model that identi…es two extreme regimes for the realized stock bond correlation. These correspond to low volatility and high volatility with a gradual change between the two volatility regimes. We further …nd that the lagged realized stock bond correlation, the realized stock and bond volatilities and the in ‡ation rate come out as important determinants of the realized correlation across the regimes. These results are robust to di¤erent forecast horizons and to the e¤ects of the realized correlation being positive and negative. Nevertheless, although our STR model improves the …t of its linear counterpart, it provides less accurate out-of-sample forecasts.
The remaining part of the paper is structured as follows. Section 2 introduces the econometric framework. Section 3 contains the data description. Section 4 provides the empirical results based upon in sample estimations. Section 5 4 considers out-of-sample results. Section 6 concludes.
The Smooth Transition Regression Model
One of the most prominent among the regime switching models in the macroeconomics area has been the smooth transition regression (STR) class of models promoted by Teräsvirta and Anderson (1992) , Granger and Teräsvirta (1993), and Teräsvirta (1994) . Modelling the realized stock bond correlation within the STR context can be motivated by the fact that the regime switching mechanism can be controlled by an observable economic determinant of the correlation. For example, we can di¤erentiate between the impact of the stock market during periods when volatility is large and its impact on correlations during periods when market volatility is low. In particular, the equation of interest is the 2-regime STR model given by
where F RC t is the realized correlation, and are parameters vectors, and
x t is a vector of predictor variables. 1 The function F ( ; c; s t ) is the transition function, which is assumed to be continuous and bounded by zero and unity.
The variable s t acts as the transition variable and is chosen from the vector of predictor variables.
By writing Eq. (1) as
we can see that the model is locally linear in x t and that the combined parameter vector ( + F ( ; c; s t )) is a function of the transition variable s t . As F () is bounded between zero and one, the combined parameter ‡uctuates between and ( + ). is the addition to the coe¢ cients when we are in the second In the analysis of the realized stock bond correlation, this property makes it possible to study how the correlation responds asymmetrically (possibly in a smooth way) to changing macroeconomic conditions.
The practical applicability of the above speci…cation depends on how F () 1 F RCt is the Fisher transformation of the realized correlation. The exact de…nition is provided below. A smooth transition between the two extremes may be an attractive parameterization because, from a theoretical point of view, the assumption of two discrete regimes (like in threshold models) may sometimes be too restrictive compared to the STR alternative where there is a continuum of states between the two extremes. Nevertheless, the two viewpoints are not in con ‡ict since an abrupt switch is a special case of the STR model and can therefore be treated within the STR framework.
Estimation of the STR model in Eq. (1) is carried out by nonlinear least squares (NLS), which is equivalent to the maximum likelihood estimation in the case of normal errors. As pointed out by Granger and Teräsvirta (1993) and Lundbergh and Teräsvirta (1998 The weekly realized stock return on the Friday in week t is denoted RRSP t and it is calculated as the sum of all the 5-minute stock returns during that week. Similarly, the weekly realized bond return on week t is denoted RRT Y t .
The weekly realized stock variance on a given Friday is then the sum of all the squared stock returns during that week. We use the square root of the realized variance, the realized stock volatility. We let the symbol RV SP t indicate the realized stock volatility in week t: The realized bond volatility for week t is
The realized stock bond correlation for week t is noted RC t . First, we calculate the realized covariance for that week as the sum of the cross multiplied 5-minute stock and bond returns. Then, the realized correlation is the realized covariance divided by the product of the realized bond and stock volatilities.
We make use of the Fisher transformation of the realized correlation which is a continuous variable which is not bounded between 1 and 1. The Fisher transform is given as:
We make use of some further explanatory variables, namely the V XO t , Connolly et al. (2005) . We use the short rate as explanatory variable, similarly to Baele et al. (forthcoming) . We use the …rst di¤erences of the 3-month US Treasury Bill middle rate from the secondary market. The T-bill rates are available from DataStream. This series of short rates is denoted DT BILL t . We obtain a series of weekly in ‡ation rates, IN F t , using US Core 7 CPI available from the Bureau of Labor Statistics. The CPI data area available monthly. From these we calculate the monthly in ‡ation rates as the log-returns.
Then for each week we use the most recent monthly in ‡ation observation. This means that the in ‡ation variable will be constant for (most often) four weeks in a row. We obtain a series of weekly GDP growth rates, GDP t . Again, these are obtained from the monthly GDP …gures and are calculated in the same way as the in ‡ation data. Table 1 shows the descriptive statistics. The F RC has negative skewness which implies that is has a long left tail, and its distribution is ‡at (mesokurtic).
The remaining variables all have positive skewness and are leptokurtic.
In Sample Results
Here we consider the results arising from estimating the STR model in sample.
First, we consider the so-called simple model. Second, we take into account the di¤erences between positive and negative realized correlations in what we denote the extended model. Third, we consider di¤erent forecast horizons.
Simple STR Model
In the simple model we predict four weeks ahead. We use the volatility index lagged four weeks as the transition variable
The VXO index represents the market expectations of 30-day volatility and is constructed using the implied volatilities of a wide range of S&P 100 index options. It is a commonly used measure of market risk and economic uncertainty.
We get the following classi…cation of regimes for the realized stock bond corre-8 lation: When the VXO is low, we are in the low stock market volatility regime and the parameters of the model are . On the other hand, when the VXO is high, we are in the high volatility regime and the parameters change smoothly to ( + ). In particular, an alternative way of writing Eq. (1) is
The explanatory variables in the simple model are given as 4 week lagged observations of a number of …nancial and macroeconomic variables:
The estimation results are shown in Table 2 (middle columns).
In the simple STR model, b = 0:9. This is a small value which implies that the the transition from the low to the high volatility regime is fairly gradual (in contrast to being abrupt). In the low volatility regime, the autoregressive component, the realized stock volatility, and the in ‡ation are all signi…cant in explaining the realized correlation. For these variables there is a positive relationship so that the higher the explanatory variable, the stronger is the stock bond correlation. It is also clear that the autoregressive component is much stronger than the e¤ects from realized stock volatility and from in ‡ation. In particular, the autoregressive component is large but smaller than unity (0:86) so it has a positive and strong autoregressive component. A large correlation today will then tend to be associated with a large correlation four weeks from now when we are in the low volatility regime. Large in this context means both large positive and large neg-ative. Ferland and Lalancette (2006) and Audrino and Corsi (2008) also …nd a strong temporal dependence for the realized stock bond correlation.
On the other hand, in the high volatility regime the e¤ective slope coe¢ cients are ( + ). None of the individual coe¢ cients are signi…cant, but jointly they are just signi…cant (Wald test gives rise to p-value of 9:9%).
Next, we conduct a number of joint Wald tests for the signi…cance of a given explanatory variables in the low and high volatility regime simultaneously, H 0 : Table 3 ). The lagged realized correlation, the realized stock volatility, the realized bond volatility, and the in ‡ation come out as signi…cant explanatory variables. From this we also learn that the realized returns (both stock and bond), short rates, and GDP growth rates are unimportant for the realized stock bond correlation.
A similar e¤ect for in ‡ation is found by Yang et al. (2009) , but in addition they …nd a signi…cant positive e¤ect for the short rate. Note, however, they adopt a di¤erent procedure than ours: They use a multivariate GARCH model with a smooth transition conditional correlation (STCC) to estimate the stock bond correlation with the short rate and in ‡ation as the transition variables (one each time). Instead, we calculate the realized stock bond correlation directly from intradaily data. Another important di¤erence to Yang et al. (2009) is that they use monthly data while we look at higher frequency data. The monthly data interval may be too long for stock and bond prices as news is quickly incorporated into these two types of liquid assets.
For sake of comparison, Table 2 (left columns) also shows the results from the linear model estimated using OLS. In the linear model only the autoregressive component and the in ‡ation are signi…cant in explaining the realized stock bond correlation. Nevertheless, the explanatory power is large, in that the adjusted R-squared is 0:685. Also, going from the linear to the STR model provides some improvement in model …t, the adjusted R-squared increases slightly. However, the improvement is small, which is also seen from the fact that the individual coe¢ cients are not signi…cant in the STR model. Finally, the root mean squared error (RMSE) and the mean absolute error (MAE) of the …tted values are slightly smaller for the simple STR model than for the linear model, which implies a better in sample …t for the STR model.
Extended STR Model with Sign Dummies
We extend the simple STR model by considering the e¤ects of the realized correlation being positive and negative. In particular, we introduce the dummy variable which is equal to 1 when the realized correlation is positive, P osD t = 1 if F RC t > 0 and 0, otherwise. We allow all coe¢ cients of the explanatory variables in the STR model to depend upon the sign of the realized correlation at the same time as the explanatory variable is dated. So, now the explanatory variables are as follows:
1; P osD t 4 ; F RC t 4 ; F RC t 4 P osD t 4 ; V XO t 4 ; P osD t 4 V XO t 4 ; RRSP t 4 ; P osD t 4 RRSP t 4 ; RRT Y t 4 ; P osD t 4 RRT Y t 4 ; RV SP t 4 ; P osD t 4 RV SP t 4 RV T Y t 4 ; P osD t 4 RV T Y t 4 ; DT BILL t 4 ; P osD t 4 DT BILL t 4 ; IN F L t 4 ; P osD t 4 IN F L t 4 ; GDP t 4 ; P osD t 4 GDP t 4
The results from estimating the sign dummy extended STR model are reported in Table 2 (right columns). The explanatory power is higher for the sign dummy extended model than for the simple model; the R-squared is higher and the RMSE and MAE are smaller. The estimated slope parameter b = 34; so the shift between regimes is rather fast. Moreover, now only a small value of the V XO is necessary to shift regime (b c = 0:4). Still, the low volatility regime is the most frequently visited regime in our sample. All this is clearly seen in Figure   2 , which plots the transition function versus the transition variable V XO t 4 . It is also interesting to relate these regimes to the underlying business cycle. Moreover, for the extended STR model we …nd signi…cant di¤erences between the dependence structure when the stock bond correlation is positive and negative; the joint Wald test has associated a p-value below 1% (results not tabulated). So, we conclude that it is important to take the sign of the current correlation into account when predicting future correlation.
We next test for the joint signi…cance of the various explanatory variables and report the p-values of the Wald tests in Table 3 . More speci…cally, for each variable x j we test the following three hypotheses: f j = jD = 0g, f j = jD = 0g, and f j = jD = j = jD = 0g. The same variables as in the simple STR model are overall signi…cant (lagged realized correlation, V XO, realized stock volatility, realized bond volatility) with two exceptions: Interestingly, in the extended model the V XO volatility turns out to be signi…cant and the GDP growth rate is now signi…cant in place of in ‡ation. In addition, these variables are signi…cant both in the low and high volatility regimes.
As in the simple model, the lagged correlation is most important for explaining the current correlation in the low volatility regime. The autoregressive behavior is stronger when the realized correlation is positive than when it is negative (0:73 compared to 0:57). Moreover, the addition to the parameters in the high volatility regime is statistically signi…cant (the joint Wald test gives rise to a p-value below 1%). As in the simple model, the addition in the high volatility regime to the lagged realized correlation parameter is negative, yet the point estimate is much smaller, and it does not change the sign of the coe¢ cient.
Di¤erent Forecast Horizons
In this subsection we access the robustness of the results to di¤erent forecast horizons. In addition to the base case of k = 4 we also estimate the model considering k = 1 and k = 8 weeks ahead. For the simple STR model the results are reported in Table 4 .
It can be seen the results are qualitatively similar across the di¤erent horizons. The upper regime continues to pick up episodes of high market volatility while the most important element comes from the autoregressive component.
As wit the base case of k = 4, the lagged V XO, realized stock volatility, realized bond volatility, and in ‡ation turn out to be the most signi…cant explanatory variables. As expected, the explanatory power decreases as the horizon becomes longer. Moreover, the change in the regime is more abrupt for the short horizon (k = 1) than for the middle (k = 4) and long (k = 8) horizons. This is perhaps not surprising given that in short horizons news is quickly incorporated into assets prices in short horizons making the change in the regime quick as well. Table 5 reports the results from the STR model with sign dummies for all three horizons. Similar to the model without sign dummies the main …ndings continue to hold across the di¤erent forecast horizons. As before, the explanatory power decreases with the horizon. Finally, as expected the sign dummy model has a better …t to the data than the simple STR speci…cation.
Out-of-Sample Results
We now examine the out-of-sample forecasting ability of the STR models. We use an expanding window for the out-of-sample estimation. The …rst window covers the period January 1986 to March 2005. Using this window of observations we estimate the linear, simple STR, and extended STR models using lagged explanatory variables with horizons of k = f1; 4; 8g. From these estimated models we make an out-of-sample forecast of the realized correlation. To provide more insight, Figure 4 plots the out-of-sample forecasts and the actual realized correlation for the forecast horizon k = 4. In general, the linear and the extended STR forecasts both track the actual realized stock bond correlation quite well during the entire period. In fact, there are not big di¤erences between the linear and the extended STR forecasts. In contrast, the simple STR forecast lie well below the actual correlation at the end of the sample period.
Thus, it is mainly in the last part of the sample period that the simple STR model provides poor forecasts.
Conclusion
This study documents time-varying patterns for the stock bond correlation over macroeconomic conditions using high frequency data. High frequency data are appealing in that they provide a more accurate correlation measure compared to correlations obtained from rolling windows based on historical data or from multivariate GARCH models using data of lower frequencies. The realized stock bond correlation is described by smooth transition regressions (STR) with two extreme regimes broadly corresponding to low volatility and high volatility states. Unlike other studies in the literature, we augment the set of determinants of the realized stock bond correlation with the realized stock and bond returns and their corresponding volatilities.
Our results show that there is a rather gradual change between the low and high volatility regimes. We further …nd that the lagged realized stock bond correlation, the realized stock and bond volatilities, and the in ‡ation rate come out as important determinants of the realized correlation across regimes. These results are robust to di¤erent forecast horizons and to the e¤ects of the realized correlation being positive and negative. Nevertheless, although the STR model improves the …t of its linear counterpart, it provides less accurate out-of-sample 13 forecasts.
As shown in the present paper, it is important to account for di¤erences between positive and negative realized stock bond correlations in an STR framework. In future work, we believe it would be interesting to investigate further the causes of the realized correlation being positive or negative even further. 
